Introduction {#Sec1}
============

The miscible displacement of a higher viscosity fluid in a porous medium raises considerable attention to a variety of applications like hydrology, blood motion in vessels, industrial processes involving filtration such as sugar refining, carbon sink, oil recovery and groundwater exploration in porous media \[[@CR6], [@CR14], [@CR30]\]. During the transport of an injected fluid in a reservoir, it is common the formation of fingers and channels in the flow, and this can happen even in a homogeneous media if the injected fluid is less viscous than the resident fluid. Injection of a fluid with different viscosity of the reservoir-resident fluid usually produces complex concentration patterns along with displacement \[[@CR5], [@CR6], [@CR18], [@CR28]\].

In the numerical point of view, since approximations are adopted to simulate the fluids displacement with different viscosities using meshes of elements with the cell diameter smaller than the length of a formed finger, this can lead to inaccurate representations of the interfaces of these fronts, due to the tendency that mixtures, with a higher mobility ratio *M*, have to generate highly branched fractal structures \[[@CR5], [@CR14], [@CR29]\]. The mobility ratio relates the viscosity of the resident fluid $\documentclass[12pt]{minimal}
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                \begin{document}$$ \nu _ {res} $$\end{document}$ to the viscosity of the injected fluid $\documentclass[12pt]{minimal}
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                \begin{document}$$M>1$$\end{document}$, or adverse mobility ratio, the injected fluid is less viscous than resident fluid, and in this case, the experiments predict that the displacement front is physically unstable where small perturbations can be forming multiple viscous fingerings \[[@CR1], [@CR18], [@CR26], [@CR27]\]. This unstable behavior is also true mathematically, as can be seen in \[[@CR27]\] and in references therein. Therefore, this problem requires the employ of robust numerical methods that accurately solve this phenomenon.

The Partial Differential Equations (PDE) that govern the phenomenon of the displacement of the fluid mixtures consist of a system formed by Darcy's problem and Transport problem. Some successful numerical approximations employing finite element methods to solve the Darcy problem can be found in \[[@CR2], [@CR8], [@CR11], [@CR16], [@CR19], [@CR25]\], for the Transport equation can be seen in \[[@CR9], [@CR10], [@CR12], [@CR17], [@CR20], [@CR23]\] and for the Darcy-Transport coupled system we mention the works \[[@CR13], [@CR15], [@CR17], [@CR21], [@CR31]\].

The objective of this work is to propose an equivalent finite element method for Darcy and Transport problems. In this sense, we rewrite the Transport equation in a mixed form in terms of diffusive flux and concentration. Thus, we have two mixed systems. However, the use of finite element methods for mixed problems requires compatibility between the approximation spaces \[[@CR3], [@CR7]\]. Stable formulations have proven successful as can be seen in \[[@CR8], [@CR25]\]. The Raviart-Thomas spaces \[[@CR25]\], referenced here by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {RT}_k$$\end{document}$, was developed for the mixed problems, like Darcy problem, is be able to simulate problems in heterogeneous medium with stability, mass conservation and optimal convergence rates. However, Arnold and Brezzi in \[[@CR2]\] proposed an hybridization, employing Lagrange multipliers associated to the scalar field, that gives rise to a positive-definite system obtaining the same accuracy of the conforming Raviart-Thomas spaces but with fewer unknowns. An extension of this approach for the mixed convection-diffusion problems are developed and analyzed by Egger and Schöberl \[[@CR12]\], where a formulation is proposed by the combination of upwind techniques used in discontinuous Galerkin methods for hyperbolic problems with conservative discretizations of mixed methods for elliptic problems.

In this context, we propose an equivalent locally conservative numerical method for the Darcy and the convection-diffusion problems employing the Raviart-Thomas spaces in a non-conforming way in both formulations. In this case, the continuity is weakly imposed via Lagrange multipliers associated with the scalar field defined on the edges/faces of the elements. Thus, all interest variables (velocity, pressure, diffusive flux and concentration) degrees-of-freedom are condensed in the element level leading to a global problem involving only the degrees-of-freedom of the multiplier. After solving the global problem, the approximate solution of the multiplier is plugged into the local problems to recover the discontinuous approximation of the primal variables. This approach significantly reduces the computational cost compared to the use of conforming Raviart-Thomas spaces.

The methodology to solve this system is based on a staggered algorithm to decouple the hydrodynamics from the hyperbolic system, resulting in a scheme that uses a locally conservative hybrid mixed finite element method to approximate both problems. The two problems are solved in the same time scale, applying an implicit backward finite difference scheme in time to approximate the Transport equation. Moreover, the spurious oscillations characteristics of the convection-dominated regimes are mitigated through of an upwind scheme associated with the multiplier and concentration values, evaluated on the edges of the elements \[[@CR12]\]. Numerical simulations are presented and demonstrate optimal convergence rates for all variables and a good capture of the viscous fingering instabilities on the interface between the miscible fluids compared to experimental simulations in Hele-Shaw cells with rectilinear flows.

This paper is organized as follows: In Sect. [2](#Sec2){ref-type="sec"}, we present the Darcy-transport model problem. In Sect. [3](#Sec3){ref-type="sec"}, notations and definitions required to present the hybrid methods are described. The stable and equivalent mixed hybrid method for the Darcy and transport is presented in Sect. [4](#Sec4){ref-type="sec"}. Section [5](#Sec6){ref-type="sec"} is devoted to convergence study and numerical simulations, comparing the approximate solution with experimental results in Hele-Shaw cell, considering adverse mobility ratio and high Péclet number. And finally, in Sect. [6](#Sec9){ref-type="sec"}, we present the concluding remarks of this work.

Model Problem {#Sec2}
=============

The model problem is described by a PDE system composed by two subsystems, the Darcy problem, considering a incompressible flow and neglecting gravitational forces, and the Transport equation. Thus, let $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega \subset \mathbb {R}^d$$\end{document}$ be the domain, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \varOmega = \partial \varOmega _N \cup \partial \varOmega _D$$\end{document}$ in time interval (0, *T*\], the problem can be written as follows

*Given the concentration* *c* *and the functions* $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{ll} \mathbf {u} = - \mathbb {K}\nabla p \quad &{}\text {in} \quad \varOmega ,\\ {\text {div}}( \mathbf {u} ) = f \quad &{}\text {in} \quad \varOmega ,\\ \mathbf {u} \cdot \mathbf {n} = 0 \quad &{}\text {on} \quad \partial \varOmega _N,\\ p = \overline{p} \quad &{}\text {on} \quad \partial \varOmega _D. \end{array} \end{aligned}$$\end{document}$$*Given the Darcy velocity* $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{c}$$\end{document}$, *find* *c*, *such that:*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{ll} \phi \dfrac{\partial c}{\partial t}+\mathbf {u} \cdot \nabla c-{\text {div}}(\mathbb {D} \nabla c)=g_{} &{}\text {in} \quad \varOmega \times (0, T], \\ c(\mathbf {x}, 0) = c_{0}(\mathbf {x}) \quad &{}\text {in} \quad \varOmega , \\ \mathbb {D} \nabla c \cdot \mathbf {n} = 0 \quad &{}\text {on} \quad \partial \varOmega _N \times (0, T], \\ c = \overline{c} \quad &{}\text {on} \quad \partial \varOmega _D \times (0, T]. \end{array} \end{aligned}$$\end{document}$$where the variables of interest, *p*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {u}$$\end{document}$, and *c* are respectively the hydrostatic pressure, the Darcy's velocity and the fluid concentration. The coefficients of the equations are $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi = \phi (\mathbf {x})$$\end{document}$ the effective porosity of the medium, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {K} = \mathbb {K}(c,\mathbf {x}) = \frac{\mathbb {G}}{\nu }$$\end{document}$ the hydraulic conductivity tensor, a proportionality coefficient that takes into account the characteristics of the medium, including size, distribution, form, and arrangement of the particles, and the viscosity of the fluids. Thus, $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu = \nu (c)$$\end{document}$ denotes the medium permeability and the fluid viscosity, respectively. Finally, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {D} = \mathbb {D}(\mathbf {u})$$\end{document}$ is the dispersion tensor that can be defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {D}(\mathbf {u})= \alpha _m\mathbb {I}+ \Vert \mathbf {u}\Vert \left[ \alpha _l \mathbb {E}(\mathbf {u}) + \alpha _t(\mathbb {I} - \mathbb {E}(\mathbf {u}))\right] , \quad \mathbb {E}(\mathbf {u}) = \dfrac{\mathbf {u} \otimes \mathbf {u}}{\Vert \mathbf {u}\Vert ^2}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \mathbf {u}\Vert ^2=\sum _{i=1}^d u_i^2$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\otimes $$\end{document}$ denoting the tensorial product, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {I}$$\end{document}$ the identity tensor, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _m$$\end{document}$ being a molecular diffusion coefficient, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _l$$\end{document}$ the longitudinal dispersion and $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _t$$\end{document}$ the transverse dispersion. In miscible displacement of a fluid through another in a reservoir, the dispersion is physically more important than the molecular diffusion \[[@CR15], [@CR24]\]. Thus, we assume the following properties $\documentclass[12pt]{minimal}
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                \begin{document}$$ 0< \alpha _m \le \alpha _l, \quad \alpha _l\ge \alpha _t > 0 \quad \text{ and } \quad 0< \phi \le 1. $$\end{document}$

With the gravitational effect neglected, besides the mobility ratio, another dimensionless parameter determines the behavior of the model is the Péclet number, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {P_e}=\Vert \mathbf {u}\Vert L / \Vert \mathbb {D}\Vert $$\end{document}$, where *L* is the channel length. For miscible displacements in an petroleum reservoir, the viscosity of the fluid mixture may depend on the concentration of the injected fluid through a nonlinear function, the quarter-power viscosity law \[[@CR30]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \nu (c) = \nu _{res} [1 - c + M^{ \frac{1}{4} } c]^{-4}, \quad c \in [0,1] \end{aligned}$$\end{document}$$where *M* defined in Eq. ([1](#Equ1){ref-type=""}) denotes the mobility ratio. From the Eq. ([4](#Equ4){ref-type=""}) we can observe that, for $\documentclass[12pt]{minimal}
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                \begin{document}$$M \ne 1$$\end{document}$ the subsystems ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) become tightly coupled.

In order to generate equivalence between transport problem ([3](#Equ3){ref-type=""}) and Darcy problem ([2](#Equ2){ref-type=""}), we rewrite the transport problem in a mixed form including the diffusive flux $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{ll} \varvec{\sigma }+ \mathbb {D} \nabla c=0 &{}\text {on} \quad \varOmega \times (0, T], \\ \phi \dfrac{\partial c}{\partial t}+\mathbf {u} \cdot \nabla c + {\text {div}}(\varvec{\sigma })=g &{}\text {on} \quad \varOmega \times (0, T], \end{array} \end{aligned}$$\end{document}$$with boundary and initial conditions given in ([3](#Equ3){ref-type=""}).

Notations and Definitions {#Sec3}
=========================

To introduce the equivalent stable hybrid formulation for Darcy ([2](#Equ2){ref-type=""}) and Transport ([3](#Equ3){ref-type=""}) systems, we first recall some notations and definitions. Therefore, let $\documentclass[12pt]{minimal}
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                \begin{document}$$H^m(\varOmega )$$\end{document}$ the usual Sobolev space equipped with norm $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\varOmega )=H^0(\varOmega )$$\end{document}$ as the space of square integrable functions and $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \varOmega $$\end{document}$. In additional, we also define the Hilbert space associated to the divergence operator$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_h$$\end{document}$ be a regular finite element partition of the domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {E}_h^0 = \{e \in \mathcal {E}_h; e \text { is an interior edge/face}\} \end{aligned}$$\end{document}$$is the set of interior egdes/faces, and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {E}^{\partial }_h = \{e \in \mathcal {E}_h; e \subset \partial \varOmega \} \end{aligned}$$\end{document}$$the set of edges/faces of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$. Thus, there exists $\documentclass[12pt]{minimal}
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Equivalent Hybrid Mixed Method {#Sec4}
==============================

From the definitions presented in the previous section, we can write the following hybrid mixed formulation for the Darcy and Transport systems. For this, we define the product spaces $\documentclass[12pt]{minimal}
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The convective term of the transport equation is stabilized by an upwind strategy proposed by \[[@CR12]\], which can be defined as$$\documentclass[12pt]{minimal}
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It is important to emphasize that according to the numerical analysis of the presented hybrid formulations, using Raviart-Thomas spaces, *a priori* error estimates in the $\documentclass[12pt]{minimal}
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Time Discretization and Resolution Algorithm {#Sec5}
--------------------------------------------
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To reduce the computational cost of the problem resolution at each time step, the static condensation technique is employed. Thus, element-level problems are condensed in favor of the Lagrange multiplier, generating a global system with degrees of freedom associated with the multiplier only, which in this case is a scalar. Also, the new system of equations is positive-definite, allowing for using simpler and more robust solvers. After a global system resolution, the variables $\documentclass[12pt]{minimal}
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Numerical Results {#Sec6}
=================

In this section, the proposed hybrid method ([12](#Equ12){ref-type=""})--([17](#Equ17){ref-type=""}) is tested through convergence studies and numerical simulations that are compared with experimental results presented by Malhotra et al. \[[@CR18]\] in adverse mobility rate scenarios.

Convergence Study {#Sec7}
-----------------
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Fig. 1.Hele-Shaw cell experiment (left) developed by Malhotra et al. \[[@CR18]\] compared with the approximate solution (right) at time $\documentclass[12pt]{minimal}
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Numerical Simulations in Hele-Shaw Cells {#Sec8}
----------------------------------------

The following results are performed in a Hele-Shaw cell where the flow channel is 84 cm long and 5 cm wide, as described in the work of Malhotra et al. \[[@CR18]\]. In this experimental work, Malhotra and collaborators injecting water with dye into glycerol solutions to quantify the growth of the mixing zone in miscible viscous fingering.
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As can be seen in Fig. [1](#Fig1){ref-type="fig"}, the numerical results show a good performance of the proposed method in capturing both the formation of viscous fingers and the propagation of the water front. Moreover, the upwind scheme employed is capable of stabilizing the convection-dominated regime caused by the reduction of the resident fluid viscosity adopted in the experiment that generates a Péclet number of the $\documentclass[12pt]{minimal}
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Conclusions {#Sec9}
===========

In this work, we proposed an equivalent stable hybrid mixed method adopting non-conforming Raviart-Thomas spaces for the Darcy and the Transport systems to solve miscible displacements with adverse mobility ratio. For the convection-diffusion equation, an upwind scheme was employed to stabilizing the convection-dominated regimes, and the implicit backward Euler approach was used to the time discretization. The continuity was weakly imposed by the Lagrange multiplier associated with the pressure field for the Darcy problem and the concentration for the Transport mixed problem. This approach gives rise to a positive-definite global matrix with reduced computational cost compared to classical conforming Raviart-Thomas formulations. To solve this coupled problem, we employed a staggered approach to decoupling the systems using the same time scale for both problems. The numerical studies confirmed optimal convergence rates for velocity, pressure and concentration. In addition, simulations adopting an adverse mobility ratio, comparing the approximate solution with experimental results in Hele-Shaw cell, demonstrated that the proposed hybrid formulations are capable of capturing the formation and propagation of the viscous fingering even in cases of high Péclet number.
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